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Appendix

A ow,
General method for derivin and —
Z azp

Following Caputo (2005), the principal-agent praoblean be formulated as equivalent to
the maximization of an isoperimetric Hamiltoniah defined by
(A1) H=V[z,+q-wa,z,,z,)]f(q]e)
+U[z, +W(q,2,,2,){Af (q|€) + /£ (q]€)}
Solving by backward induction, we first considemarative statics over the efficient

contract given a fixed effort level. The first- asdcond-order conditions fow are

respectively

w2y M- vt aut, =0, and
ow
azH — " " "

(A3) W =V + AU+ U f, <O.
W

The first step in the comparative statics exerasasists in applying the univariate

Implicit Function Theorem so as to obtalahv, a—W a—W anda—w. This yields
0A du 0dz, 0z,
(A4) ow _ _ U'f - —U'f >0
04 U"[Af + uf ]+V" f 0°H
ow?
(A5) a_w:_ u'f, :—U fe’
ou U"[Af + f ]1+V" f 0°H
ow?
ne) V- Vet 1=V S and
0z, U"[Af + £ ]+V"f 0%H
ow?
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ow _ V" f _ v
0z, U"[Af + £, ]+V"f 0°H
ow’

(A7) >0.

Given that both the monotone likelihood ratio pmbpeand the convexity of the

distribution function condition hold, is negative (positive) for low (high) realizations

of q, and sog—w is indeterminate.
7

The second step consists in applying the multit@riaplicit Function Theorem
on the system defined by the individual rationalil) and the (first-order) incentive

compatibility (IC’) constraints, takingv(g, 4, 4, z,,z, Jo be implicitly defined from the

first-order condition of the Hamiltonian. The systés such that

(A8) IR ETU[za +w(a, A, 4, 2,,2,)1f(q|e)dg-¢(e) -U(z,) =0, and

q

(A9) IC =[U[z, +W(q, A, 1,2,,2,)]f.(a]€) ~¢'(e) = 0.
q

Taking partial derivatives of equations A8 and A8lds:

g ow
(A10) IR, = |U'— fdq,
[

g ow
All) IR =|U'— fd
(Al1) IR, j 2 10

o,

d
a/]eq

(A12) IC, = TU'
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(A13) | ju W f dq

q
(A14) IR, = [U’ (1+a_wjquﬂ'
q 0z

a

_to 0w
(A15) IR, -ju 5, fda, and

q p

g
(A16) IC, = [U’ (1+g—wjf dq.
q

a

Note thatIR, > Q IC, >0, andIR, > OwhereaslR,, IC,, IR,, IC,, andIC  are not

signable due to the fact theft, necessarily takes on positive and negative vahies

q
different values ofq, which follows from the fact thaﬁ f.(qle)dq=0.

The following identities, however, can be estatdlirom the above equations:

IC, =IC,, IR, =IR,,and IR, =1IC,. Fori{a, p}, an application of the multivariate
Implicit Function Theorem to the system defined Iz,,z,,4, i, w(liz,,Z,, A, )] =
andIC[z,,z,,A, u,w(iz,,z,,A, )] = Oyields

(AL7 ) ou_ IRIC,-IR,IC,

IC,IR, -IC,IR,’

IRIC, - IR,IC,
(Als)ﬁ_ aind S Jan(B
IC,IR, - IC,IR,

Due to the indeterminacy of the components thesgapaderivatives are not in general

signable, and an application of the Cauchy-Schwaequality to the identical
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denominator of the above partial derivatives revélaat it is positive, but even then the

only theoretical implications regarding the sigrtlod partial derivatives in equations A17

‘ IR
and Al8 is thatsg oH =sg 1€, 16 and sg 9 =sg R :
0z, IR, IR 0z, IC; IC,

ow,
particular, we need to sig%ﬁ in order to signa—q. Again, the indeterminacy of the
4 Z

derivatives stems from the fact th&f is neither identically zero, non-positive, or non-

negative.

If we subsequently try to account for the fact tthet second-best optimal effort
level also changes in principle with wealth changes must make use of the dynamic

envelope first-order condition for second-best gffGaputo, 2005), which is such that

Vf.dq

| Q e O

(A19) u-= 7 .
" (e) - [Uf.dg

We do not attempt a full comparative statics analgéthis full equation. The procedure
would be similar to the one just derived above, ibutould involve a system of three

nonlinear equations (i.e., the IR and IC’ constapius the dynamic envelope condition
in equation A19) in three dependent variablds (u, and optimal efforte’) and two

independent variables (the wealth levelsand z,).

Some final remarks on this dynamic envelope comdlitiThe denominator is

positive, since the first-order approach requiresvexity of the agent’s expected utility
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over effort (i.e. the second-order condition). Theaves us with the implication that
q

sgnfu] =sg ijedq , 1.e., the sign of the multiplier on the IC’ corasit is the same as
q

the sign of the principal’s marginal expected tytibf agent effort, which in the presence

of risk sharing we intuitively expect to be positive

ow,
Intuitive Proof thata—q =0 when the Principal’'s Preferences Exhibit CARA

Zp

Understanding why a principal whose preferencesibéxitonstant absolute risk
aversion’s wealth should not impact the optimaltcaxet is equivalent to understanding
why one can rescale the whole problem by a muttigive constant and leave the optimal

contract unchanged. The constant in this cagesexp{-A;z, . }

The key insight is to recognize that, in additienthe objective function, the
constraints can also be rescaled without changiggoathe optimality conditions. Doing
so leaves the constraint multipliers independentpohcipal wealth. That is, the

constraints as written in equations 2 and 4 careleitten as
q _

(A20) a1 [Ulz, +w(a,A, K] f(al€)dg-y(e) = aU
q

and

(A21) a{

19—y Q|

Uz, +w(a.A, K] fe(q|e)dq—z//'(e)} =0.
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But then, since the constamt multiplies every term of the Hamiltonian (i.e, the
objective function and both constraints), one ceuidd the first-order condition (FOC)
with respect tow(qg, 4, )through by a, which implies that the optimal contract
implicitly defined by the FOC does not depend @n Likewise, cancelingy from the
constraints shows that and x are independent ofr . Finally, similar manipulations
establish that the dynamic envelope condition Far $econd-best optimal effort level

remains independent of .
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