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Abstract

Data that span multiple units and time periods allow controlling for time-invariant heterogeneity
correlated with the covariates. While researchers can do this in different ways, the fixed effects
estimator—also known as the within estimator, and equivalent to the least squares dummy variable
approach—has become the default choice. But when time-invariant attributes are not invariant to
time—that is, when they are not invariant to the length of the panel—the fixed effects estimator
can be considerably biased as researchers incorporate additional time periods. We show that,
in finite samples, first-differencing and novel rolling estimators can offer researchers a practical
alternative to the fixed effects estimator in this case. These estimators are simple to implement and
can significantly reduce bias relative to the fixed effects estimator under certain data-generating
processes. Most importantly, researchers should always provide results from multiple estimators.

We illustrate this with simulations and four replications.
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“You keep using that word. I do not think it means what you think it means.”

— Inigo Montoya, The Princess Bride (1987)

1 Introduction

Ever since Mundlak (1961) tried to explain agricultural productivity differentials by including a sep-
arate dummy variable for each farmer in his data to eliminate the bias stemming from between-farm
differences in “management,” the fixed effects (FE) estimator has been used by researchers to control
for time-invariant, unit-specific heterogeneity (see, e.g., Balestra and Nerlove, 1966; Bellemare and
Millimet, 2025; Hsiao, 2007). Nowadays, researchers continue to rely on FE for causal inference in
panel data settings (Imai and Kim, 2019). Imai and Kim (2021, p. 405) even refer to FE as the
“default methodology for estimating causal effects with panel data.”

As is well known, the advantage of FE over pooled ordinary least squares (POLS) is that by
removing both observed and unobserved time-invariant, unit-specific heterogeneity, FE requires an
arguably more palatable assumption to be unbiased than POLS does. Whereas unbiasedness of FE
requires strict exogeneity with respect to the time-varying error, POLS requires exogeneity with
respect to a composite error that includes all period- and unit-specific unobserved heterogeneity.

One important limitation of the FE estimator is rarely acknowledged, however: In practice, the
amount of time-invariant unobserved heterogeneity is not invariant to time. That is, the amount of
time-invariant unobserved heterogeneity changes with the length of the panel. While this limitation
could be ignored in the past, this is no longer true given the ever-increasing availability of longer
panel data sets.

We explore the consequences in finite samples of ignoring this limitation in empirical research
and discuss computationally simple alternatives for applied researchers. To do so, we begin by
documenting the bias-variance trade-off that arises when the time dimension of a panel increases
in the presence of time-varying unit-specific fixed effects. Intuitively, as T increases, the variance
of the FE estimator will shrink, but the estimator may become biased due to increasingly likely
violation of the strict exogeneity assumption.!

We then turn to comparing the FE estimator with a common yet oft-overlooked alternative, viz.
the first-difference (FD) estimator. Starting from a general data-generating process, we characterize
the conditions under which (i) the FD estimate will be less biased than the POLS estimate, and
(ii) the FD estimate will be less biased than the FE estimate. By decomposing the variable of
interest into two unit- and time-specific components—one correlated with time-varying unit-specific

heterogeneity, and one not—we show that the relative biases of POLS, FE, and FD hinges upon

We are not referring here to T — oo in the usual asymptotic sense, where the underlying data-generating process
is fixed as T' grows. Rather, we are referring to a situation where the data-generating process itself changes as T
grows because the definition of the fixed effect changes. We are also not referring to situations where T increases
because the researcher uses higher-frequency data for the same length of time (e.g., T goes from 5 to 10 because
data over a five-year period are collected semi-annually rather than annually). We restrict attention to cases where
T increases in a researcher’s sample because additional rounds of data become available, but for which the frequency
remains the same.



the degree of serial correlation in these two components. In particular, the more persistent is the
unit-specific unobserved heterogeneity, the more likely that FD will have the smallest bias. When
the unit-specific unobserved heterogeneity is perfectly persistent (i.e., time invariant), than FE and
FD are both unbiased. Strikingly, FE only achieves a smaller bias than FD in the data-generating
processes we consider when the unit-specific unobserved heterogeneity is sufficiently less persistent
(i.e., time-varying). This stands in stark contrast with current research practice: use FE because
the unit-specific unobserved heterogeneity is assumed to be perfectly persistent.?

Finally, we present additional estimators that not only improve on FE in certain situations with
large T, but are also simple to implement. While the proposed alternatives to FE are inefficient
under the assumptions of the standard fixed effects model (including homoskedastic and serially un-
correlated errors), they are more robust to the types of misspecification discussed here under certain
data-generating processes as the amount of unobserved heterogeneity removed by these alternatives
is (weakly) greater. Our most important conclusion, however, is that practitioners should always
provide results from multiple estimators, as differences are indicative of model misspecification.?

Beyond the FD estimator, the alternative estimators we discuss include the twice first-differenced
(TFD) estimator as well as novel estimators which we dub the rolling first-differenced (RFD) esti-
mator and the rolling twice first-differenced (RTFD) estimator. The RFD estimator proceeds by
estimating a series of rolling regressions by FD where only two consecutive time periods are re-
tained at each step. If desired, the individual two-period-specific estimates can be combined into a
final summary estimate using minimum-distance estimation (MDE). The RTFD estimator proceeds
similarly; a series of rolling regressions by TFD where three consecutive time periods are retained
at each step and the estimates are combined if desired using MDE.* Our consideration of rolling
estimators is analogous to the proposed use of rolling regressions for time series models under local
stationarity wherein parameters are assumed to evolve gradually over time and asymptotic theory
relies on obtaining data on a finer and finer grid rather than 7" — oo (e.g., Dahlhaus, 1997; Cai and
Juhl, 2023). Similarly, Wang et al. (2023) propose a similar solution to the problem of forecasting
an ultra-long time series. In our case, RFD and RTFD will be superior (in terms of bias) to FE
under local time-invariance of the relevant unobserved heterogeneity.

There is also an additional advantage to our rolling estimators. In many situations, not only
might there be temporal heterogeneity in the unit fixed effects but in the slope coefficients as well.
While this is not our primary focus, our novel RFD and RTFD estimators easily accommodate tem-
poral heterogeneity in both the slope coefficients and the unit fixed effects. Both estimators entail a
series of rolling regressions, estimating separate slope parameters for each two- (for RFD) or three-

(for RTFD) period interval. Rather than assuming common parameters over time and aggregating

2Intuitively, this is similar to Bellemare et al. (2017) who show that one can only exogenize an explanatory variable
x;+ by replacing it with its lagged value z;:—1 when the unobserved confounders w causing both z and the outcome
variable y are not serially correlated—what they dub the assumption of “no dynamics among unobservables.”

3We are not the first to make this point. A similar argument is put forth in Laporte and Windmeijer (2005) and
McKinnish (2008) albeit in different contexts than the one considered here.

4 Alternatively, the rolling estimators can be estimated via the generalized method of moments (GMM) by stacking
the relevant moment conditions.



using MDE or GMM, one can examine the various period-specific coefficient estimates and simply
not aggregate (i.e., not constrain the coefficients to be the same over time). Moreover, our rolling
estimators can incorporate recent methods to allow cross-sectional, group-specific heterogeneity in
the the slope parameters in a straightforward manner.

Through simulations we find that FD and RFD both outperform FE when the standard lin-
ear panel data model is misspecified and the unit-specific unobserved heterogeneity is sufficiently
persistent, but generally not when it is correctly specified. Thus, the estimators we discuss may
sacrifice (some) efficiency for (much) robustness when the unit-specific unobserved heterogeneity is
likely to be highly persistent, but not time invariant. This is also the case in Aquaro and Cizek
(2013) when dealing with outliers, and in Pesaran and Zhou (2018) when considering the asymptotic
efficiency of POLS relative to FE in the presence of sparse unit fixed effects. Moreover, we find
that the RFD estimator outperforms the FD estimator in some settings. Finally, we find that other
estimators—TFD, RTFD, and the interactive fixed effects (IFE) estimator from Bai (2009)—work
well in some situations. Through replications of Rose (2004), Tomz et al. (2007), Leipziger (2024),
James (2015), and Djankov and Reynal-Querol (2010), we then find that the choice of estimator can
matter greatly in practice. Overall, we recommend that researchers report FD, RFD, TFD, RTFD,
and IFE estimates in addition to FE when using panel data with more than two time periods.

Our contribution is thus fourfold. First, we clarify the trade-off involved with ever-longer panel
data when using the standard FE estimator—a trade-off that pits efficiency gains against poten-
tially greater bias as the length of a panel increases. Second, we characterize the conditions under
which the FE estimator will perform relatively worse than the FD estimator in terms of bias—the
conditions, as it were, that can lead applied researchers to misuse the FE estimator. Third, we
provide guidance to empirical researchers regarding simple alternatives to the mechanical applica-
tion of the FE estimator in static TWFE models, namely the TFD, RFD, and RTFD estimators.’
Fourth, through simulations and the replication of four studies, we find that the FD, TFD, RFD,
RFE, and IFE estimators will frequently lead to conclusions that are qualitatively different from
those obtained using FE.

Lest there be confusion, our focus in this paper is not in difference-in-differences (DID) designs.
Moreover, the time-varying heterogeneity we are concerned with is not synonymous with the het-
erogeneity at issue with staggered treatment adoption as introduced in the recent DID literature.
While the number of studies relying on DID is immense (and, seemingly, never-ending), our focus is
on the simpler case—as in Mundlak (1961)—wherein a researcher relies on unit-specific fixed effects
to purge a regression error term of its correlation with all right-hand side variables included in the
regression, and not just a (binary) treatment.

In particular, for expositional purposes, we consider the case of a single continuous, real-valued
right-hand side variable. Thus, we do not rely on the potential outcomes model. But should one

be inclined to do so, one could easily cast our analysis within the potential outcomes framework as

PIshimaru (2025) shows that the two-way fixed effects estimator is equivalent to an FD estimator pooling all
possible period-pair differences (what he refers to as “between-period gaps”). Our RFD estimator only uses one-
period differences, and therefore is an improvement.



one can view our analysis as focusing on the specification of potential outcomes in a panel context
where the intercept for the potential outcomes may not be time invariant (e.g., Liu et al., 2024).%
Throughout the paper, we briefly discuss our work in relation to the DID and broader two-way fixed
effects (TWFE) literatures where necessary.

The remainder of this paper is organized as follows. Section 2 discusses the relevant econometric
literature. Section 3 introduces the static linear panel data setup, clarifies what is at stake as T
increases, and compares FE, FD, RFD, and others in the presence of time-varying unit-specific fixed
effects as well as temporal or group-specific heterogeneity in the slopes. In section 4, we illustrate

these estimators via simulation and four replications. Section 5 concludes.

2 Literature Review

We are not the first to consider time-varying unit-specific fixed effects, particularly as 7" increases.
In fact, the point was explicitly made in Mundlak (1961, p. 44):7

“Instead of beginning by conceptualizing what we mean by management we shall assume
that whatever management is, it does not change considerably over time; and for short

periods, say a few years, it can be assumed to remain constant.”
and in Mundlak (1978, p. 82):

“|I]t would be unrealistic to assume that the individuals do not change in a differential
way as the model assumes ... [I]t is more realistic to assume that individuals do change

differentially but at a pace that can be ignored for short time intervals.”
Similarly, Pliimper and Troeger (2019, p. 21) (emphasis added) write:

“Our findings caution applied researchers to not overlook the potential drawbacks of
relying on the fixed effects estimator as a default ... [S|cholars ought to devote much more
attention to modeling dynamics appropriately instead of relying on a default solution
before they control for potentially omitted variables with constant effects using a fized

effects specification.”

Yet, the point made by these authors is often forgotten by researchers despite the growing
availability of data sets with large T'. McKenzie (2012) even advocates for “more T” when researchers
collect their own experimental data. The fact that some or all of what is time-invariant when,
say, T = 5 may no longer be time-invariant when 7" = 10 must be acknowledged. Nevertheless,
researchers typically neither alter their interpretation of the fixed effects nor acknowledge the ever-

stronger assumption required for unbiasedness as T' grows. Hill et al. (2020, p. 363) state:

SFor example, with a multi-valued treatment, di; € {0, 1,..., D} for unit s = 1,..., N at time ¢t = 1,..., T, potential
outcomes may be specified as Yit(d) = aqi + zitBa + €it, d = 0,1, ..., D. Our focus is on oy, the unit- and potential
outcome-specific intercept, and what it captures as T increases.

"See Bellemare and Millimet (2025) for a historical account of Mundlak’s contribution to panel data econometrics.



“[W]e often assume (without direct confirmation) that certain characteristics (e.g., biol-
ogy, personality, or culture) do not change over time ... [I]t is often unclear whether some
characteristics are actually fixed or variable. So what exactly are fixed-effects models
controlling? ... [T]he answer to this question is often ambiguous. Uncertainty along

these lines could introduce a host of theoretical and empirical problems.”

Worse, the issue also arises when relevant attributes remain time-invariant as T' grows but the

effects of these attributes are time-varying.® Hill et al. (2020, p. 364) continue:

“Researchers typically state and restate how fixed-effects models control for time-invariant
characteristics, but this is only true if those variables have the same effects at each point
in time. If the coefficients for supposed time-invariant characteristics vary with time,

they become equivalent to time-varying characteristics.”
Wooldridge (2010, p. 282) makes the same point, but in a more understated manner:

“The assumption that [the fixed effect] is constant over time, and has a constant partial

effect over time, is crucial...”

As stated previously, we are not the first to consider time-varying unit-specific fixed effects, and
there is small literature on this topic. But existing models in this literature impose restrictions on
how the unit fixed effects vary over time. Moreover, these models have yet to gain traction among
applied researchers, presumably in part due to their computational intensity. Mundlak (1978), for
his part, introduces unit-specific time trends into the standard panel data model; a practice that
is now widespread (e.g., Autor, 2003). More recently, IFE models allow for common time-varying
factor loadings on the unit-specific fixed effects (e.g., Ahn et al., 2001, 2013; Bai, 2009). This allows
the time-invariant, unit-specific heterogeneity to have homogeneous but time-varying effects as well
as time-invariant, unit-specific responses to common period-specific shocks. Gobillon and Magnac
(2016, p. 537) show that a “single-dimensional additive local effect as in the setup underlying
difference-in-differences estimation” will generally be biased in the presence of more complex un-
observed heterogeneity. While higher-dimensional factors are possible, the computational intensity
increases greatly. Nevertheless, IFE does relax the traditional FE estimator in a particular way.

Another class of models extends the standard specification by allowing for (unknown) group
membership or structural breaks. Bonhomme and Manresa (2015) allow for time-varying, group-
specific effects. This entails aggregating units into a few large groups and then incorporating
time-varying group-specific fixed effects. Papke and Wooldridge (2023) consider the case of time-
invariant group-specific fixed effects with a focus on testing whether unit or group fixed effects are
more appropriate. Li et al. (2016) use LASSO to estimate an IFE model with multiple structural

breaks in the slope coefficients. Boldea et al. (2020) examine a model with multiple structural breaks

8We use the term “relevant” to refer to unobserved heterogeneity that is not independent of the right-hand side
variables.



where each regime has unique slope parameters and unit fixed effects. Lumsdaine et al. (2023) also
allow for multiple structural breaks, where units are aggregated into groups with common slope
coefficients and fixed effects before and after the break date. Moreover, their setup permits units
to change groups at the structural break. Kaddoura and Westerlund (2023) extends the IFE model
to allow for structural breaks in the slope coefficients. Wang et al. (2024) combines Lumsdaine
et al. (2023) and Kaddoura and Westerlund (2023) where multiple structural breaks in the slope
coefficients are allowed, units are aggregated into groups with common slope coefficients before and
after the break dates, units may change groups at the structural break, and the intercepts follow
an IFE model.

While these studies improve upon FE, they have a practical limitation. Specifically, models
based on structural breaks assume a common break date for all units for estimation to be feasible
as estimation typically relies on a grid search over all possible break dates. Assuming a common
break date, this entails searching over T'— 1 possible break dates. If each unit ¢ =1, ..., N is allowed
a unique break date, this entails searching over (T'— 1)V possible combinations. Even allowing for
multiple, common structural breaks can quickly become computationally intensive.

The bias-efficiency trade-off that emerges as T increases when unit fixed effects capture less
unobserved heterogeneity also relates to other literatures exploring failures of the standard linear
panel data model. Bramati and Croux (2007) and Aquaro and Cizek (2013) discuss the bias of
FE in the presence of outliers and consider robust alternatives, particularly ones using temporal
differencing. Ignoring time variation in the unit-specific fixed effects may behave similarly to the
outliers considered in this literature.

Additionally, many studies examine heterogeneity of various forms in the slope coefficients.
Sarafidis and Weber (2015) and Gibbons et al. (2019) consider a panel data model with group-
specific slope coefficients. Campello et al. (2019) considers the specification testing in a model with
unit-specific coefficients and time-invariant unit fixed effects. Cai and Juhl (2023) consider a time
series model with time-varying slope coefficients and, using rolling regressions, develop a test for
such heterogeneity. Keane and Neal (2020) allow for spatial and temporal slope heterogeneity and
propose a new estimation algorithm referred to as the mean observation OLS procedure. See also
Su and Chen (2013), Ando and Bai (2016), Baltagi et al. (2016), Qian and Su (2016), Su et al.
(2016), Liu et al. (2020), Okui and Wang (2021), Mehrabani (2023), among others.”

We contribute to this literature by (i) clarifying the trade-off involved with ever-longer panel
data when using FE as well as (ii) providing guidance to empirical researchers concerning simple

alternatives.

3 Panel Data Estimation

Our objective in this section is twofold. First, we want to make abundantly clear the role that T

plays in the critical assumption required for unbiased and consistent estimation of linear panel data

9Sun and Shapiro (2022) discusses slope heterogeneity in the context of linear panel data models assessing treat-
ment exposure and connects this to the recent literature on difference-in-differences with staggered adoption.



models with unobserved heterogeneity. Second, when this assumption fails, we want to emphasize
that the choice of estimator can be consequential.

To proceed, in Section 3.1 we present the usual panel setup and the popular FE estimator. We
demonstrate how the strict exogeneity assumption becomes more demanding as T increases. When
the FE estimator is biased due to a failure of the strict exogeneity assumption in the presence of
time-varying, unit-specific unobserved heterogeneity, alternative estimators may perform better. In
Section 3.2 we theoretically compare several popular linear panel data model estimators. Our goal
is to focus on estimators that are simple and general-——and thus more likely to be adopted by applied
researchers. In Section 3.3 we discuss differencing estimators in more detail and also present a novel
estimation algorithm based on rolling regressions. Section 3.4 briefly discusses the incorporation of
slope heterogeneity. Section 3.5 presents two simple tests of strict exogeneity. Finally, in Section

3.6 we discuss interactive fixed effects estimators.

3.1 Setup

Consider the following data-generating process (DGP):
Yit = Tt + i + i, V(i t) €N X T (1)

where i € N, N' = {1,..., N} denotes cross-sectional units, t € T, T = {1,...,T} denotes time
periods, x; is a 1 x K vector of time-varying observed attributes (which may include period fixed
effects), ay is a possibly time-varying, unit-specific fixed effect, and e;; is a mean-zero error.'’
Researchers often arrive at Equation (1) using the potential outcomes framework, where z includes
a binary treatment indicator, and the corresponding coefficient is the average treatment effect on the
treated. Equation (1) is also the standard DID model with non-staggered adoption (e.g., Gobillon
and Magnac, 2016). With staggered adoption, or other sources of treatment effect heterogeneity, the
assumption of homogeneous slopes, (3, is rejected. We return to this in Section 3.4. For simplicity,
we start with the model in Equation (1) as our primary focus is on the role of ;.

As ( is not identified in Equation (1), researchers assume a;; = «; for all (i,¢) in the majority
of panel data studies. In this case, «; is described as capturing all time-invariant attributes for unit
1, whether observed or unobserved, and e as capturing all time-varying, unobserved determinants
of y (that vary across units if 2 includes period fixed effects). Our focus here is on what exactly is
meant by “time-invariant” and “time-varying” in this context—terms that are often casually (if not
mechanically) invoked by researchers when claiming to obtain an unbiased estimate of /.

Estimation of Equation (1) under the assumption that a;; = «; for all ¢ is most often accom-

plished using the FE estimator, also known as the within estimator and equivalent to the least

101t is standard practice by researchers to include time fixed effects. We allow x;: to subsume them to save on
notation since the time effects do not play an explicit role in our analysis. Equivalently, one can re-write the DGP
in Equation (1) as ¥t = At + ZTit3 + a4t + €i+ and then define z;; == Z;¢ — Z4, 2 € {y,z,e}. In this case, the DGP in
Equation (1) can be viewed as a transformed model—after cross-sectionally mean-differencing—to remove the time
fixed effects, which is an application of the Frisch-Waugh-Lovell Theorem. The reader should interpret our statements
about x;; as implicit statements about Z;; — Tt



squares dummy variables (LSDV) estimator (Mundlak, 1961). This entails using POLS after mean-

differencing to estimate the model given by

it —U; = (@i —Ti) B+ (eit — &) (2)
Vi = TuB+ it

where two dots over a variable indicate deviation from its unit-specific mean. Given a random
sample, {y;, xit}(i,t) € N x T, the FE estimator requires E [g;|x;, ;] = 0 for all ¢ for unbiasedness,
where x; is a T' X K matrix of covariates for unit 7. This condition, known as strict exogeneity,
implies that x; is independent of the time-varying error term e&;4, in every period s = 1,...,T
conditional on ;.11

The presumption often made by applied researchers is that larger T is “better” than smaller T'.
In studies with N >> T, which is typically the case in applied microeconomics, asymptotic results
rely on N — oo with T fixed. As such, the only advantage of increasing 7' is efficiency; sample size
grows by N with each additional time period assuming a balanced panel, yet only one degree of
freedom is lost if time effects are included (Hsiao, 2007).12

An overlooked consequence of larger T', however, is how it impacts the strict exogeneity assump-
tion.'? To formalize the role of T', we introduce some additional notation. Define az’t/ as unobserved
attributes of unit 4 that are time-invariant over the period spanning ¢ to t/, where t,t' € T, t > 1,
t' <T,and t < t'. Without loss of generality, we can rewrite the time-varying, unit-specific fixed
effect in Equation (1) as

Qi = ozil’T + nz-lt’T, (3)

where nilt’T captures the deviation between «;; and a}’T. Substituting Equation (3) into Equation (1),
the strict exogeneity assumption required by the FE estimator becomes E [nl-lt’T + €it|xi, a} ’T} = c,
t=1,...,T, for some scalar ¢.'*

Suppose a researcher obtains access to additional periods of data such that now the sample

includes t € T/, T' = {1,...,T7'} and T' > T. As a result of the longer panel, the DGP becomes
1,77 1,7 .
Yir = vaf + oyt A+ e, V(,t) N T
The strict exogeneity assumption required by the FE estimator becomes E nilt’T/ + i), ozil’T/} =,

t = 1,..,7", where X; is a T x K matrix of covariates for unit 7. Critically, this is a stronger

condition than that required in the original sample period 7 for two reasons. First, and most

“1n contrast, estimation of Equation (1) by POLS requires (contemporaneous) exogeneity, given by
E [t + git|xst] = 0 for all ¢ (or E[ay + €i¢|zit] = 0 for all ¢ if the assumption that a;: = «; is invoked).

12T dynamic panels, there are gains to larger T beyond efficiency as the bias of FE estimates diminishes with T
(Nickell, 1981).

13Wooldridge (2010) provides a detailed discussion of the exogeneity assumptions required by POLS, FE, FD, and
the Random Effects (RE) estimator.

“Note, we do not impose E [ai’T] =0orE [nilt’T] = 0. As a result, strict exogeneity holds if E [nilt’T + git|x, ai’T]
is constant. If the constant is not assumed to be zero, then one should augment the mean-differenced model in
Equation (2) with an intercept. We return to this below.



importantly, the conditioning set changes from ag T to a% 2 Specifically, as T' increases, it is likely

that some previously unobserved, time-invariant attributes now become time-varying. Or, that

that the effects of time-invariant attributes change over the sample period. In either case, a} T il

1,7 LT 1,T
, such that «

5 ;7 C o . For instance, Murayama and Gfrorer
(forthcoming, p. 2) state: “If participants were repeatedly assessed over three months, for example,

capture fewer attributes than «
any characteristics that are stable for this duration can be viewed as time-invariant confounders,
even if they may change for a longer period.”

Second, the conditioning set changes from x; to X;, implying that covariates from the addi-
tional time periods must also be strictly exogenous. This makes it clear that researchers must
balance the efficiency gain from larger T against the stronger strict exogeneity assumption needed

for unbiasedness.®

Remark 1. With sufficiently large T, researchers must think critically about what unobserved het-
erogeneity is time invariant, both the heterogeneity itself and the return to that heterogeneity. The

definition of ‘sufficiently’ depends on the context.

3.2 Failure of Strict Exogeneity

When the unobserved heterogeneity, «, is not time invariant, = is no longer strictly exogenous even
if £ is white noise (WN) unless Cov(xit,m‘léT) = 0 for all £ and s. When this condition does not
hold, the FE estimator is biased and inconsistent. It is possible that alternative estimator(s) may
achieve a smaller bias (in finite samples and/or asymptotically), however. Before proceeding, it is
important to note that our analysis in this paper considers a particular violation of strict exogeneity.
While we believe this type of violation to be an important and frequent one in empirical research,
other violations of strict exogeneity may lead to different conclusions than those presented here.
We return to this in Section 3.3. Nonetheless, the larger point remains: alternatives to the FE

estimator may achieve a smaller bias when strict exogeneity is violated.

15The same potentially holds for changes in N. Increasing N implies that period fixed effects, if they are included
in the model, likely control for fewer period-specific attributes. There is a distinction between increasing N versus
increasing T, however, as the former entails drawing additional observations from the same underlying population
while the latter entails expanding the population to include additional time periods. We leave this discussion for
future research.



To continue, we augment the DGP in Equation (1) with the following structure

Tit = A+ 2it

it = 0Qit-1 + Eait

Zit = PRit—1+Ezit

g ~ WN(0,02) (4)

Eait ~ WN(0,02)
Ezit WN(O> ng)
Cov (2it, €is) = Cov (zit,€ais) = 0 Vi, s

Cov (5a,it7 51'8) = Cov (5a,it7 5z,is) = Cov (51;157 5271'5) = 0 Vi,s

and focus on the case where K = 1 so that x; is a scalar for simplicity.' Here, = is decomposed
into two parts, one capturing the unobserved heterogeneity and the other, denoted by z, capturing
all other determinants of z. The coefficient A allows « to have different effects on = and y. The
persistence in « and z are modeled as AR(1) processes, where § and p, respectively, reflect the
persistence. All error terms are white noise. As such, z is strictly exogenous with respect to «
and €, but x is strictly exogenous with respect to only e. We assume that ||, |p| < 1 such that
stationarity holds.'”

The DGP in Equations (1) and (4) likely characterizes many real world applications. First,

it nests the usual linear panel data model with only time invariant heterogeneity; set § = 1 and

2

2 = 0. Second, while modeling persistence as an AR(1) process places specific structure on

o
the data-generating process, it captures the essence of Mundlak (1961, 1978) and others that the
unobserved heterogeneity envisioned by researchers is thought to evolve slowly over time. It is
also consistent with most applications of dynamic panel data models that model the outcome as
following an AR(1) process. Third, it is nearly identical to the DGP in McKinnish (2008) where
z is interpreted as the unobserved ‘true’ regressor, x its observed counterpart, and « reflecting
measurement error.

We wish to compare the bias of the three most common estimators of linear panel data models:

POLS, FD, and FE.'® The POLS estimator is obtained by estimating

Vit = BTy + €n (5)

16The model can be derived from a multiple regression where the other covariates—and time fixed effects—have
been partialled out, invoking the Frisch-Waugh-Lovell Theorem. One must be careful to interpret the results of our
analysis in terms of the residualized y and x, however.

17Under this structure, z;; follows an ARMA(2,1) process and is also stationary if |, |p| < 1. Proof is provided in
Appendix A.2.

18 All proofs are provided in Appendix A.3 and A.4.
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by OLS where £ = it + ;. The probability limit of 73 is

~  Cov(y,z)
lim = ——2
plin § Var(x)

_ 54 AVar(«) _ 5 [ Ao } [Azaga o2 2]_1.

Var(z) 1—462 1—62+1—p

The bias is proportional to the share of the variance of x that is due to «.

The FD estimator is obtained by estimating
Ayit = Az + Aeyy, (7)

by OLS where A is the first-difference operator. When T = 2 the FD estimator is algebraically
identical to the FE estimator. With T" > 2 FE and FD differ, although both are unbiased and

consistent under strict exogeneity. The probability limit of 3 £d 1s

~ Cov(Ay, Ax)

1i = =
pLim f4 Var(Ax) b+

AVar(Aa) 4 [Aaga] [A%ﬁa a2, }_1‘ (8)

Var(Ax) 1+ |[1+0 1+p

The bias is now proportional to the share of the variance of Ax that is due to Aa.
Finally, for FE, the probability limit of 3/, is

plinm By, = wzmm (9)
Ao L /146 25(1—67)
(i o (05T )} 1o

(% -3 (120 2=+
-1
A Ol

The bias is proportional to the share of the variance of & that is due to & and is an approximation

based on large T', which is acceptable since the motivation for our analysis is that the unobserved
heterogeneity becomes time-varying with large T'. Note, as T becomes very large, plim E fe A plim B
since Var(&v) ~ Var(a). For smaller T, Var(d) < Var(«) assuming ¢ € (0,1), with the reduction
increasing in §. If 6 = 0, implying that a;; is white noise, then Var(&) and Var(«) are equivalent.
The relative magnitude of the biases (in absolute value) depend crucially on § and p and are

summarized in the following proposition.

~ ~

Proposition 1. If § > p, implying that o is more persistent than z, then |Bias(B)| 2 |Bias(Bfc)| >
\Bias(gfd)]. If § < p, implying that z is more persistent than o, then sz'as(de)\ > ]Bz'as(gfe)] 2
\Bias(B)|. 17 8 = p, then | Bias(B)| = | Bias(Bye)| = | Bias(Bra)|.

Proof See Appendix A.3 and A.4. B

Thus, when strict exogeneity fails because the unobserved heterogeneity is time-varying and follows
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an AR(1) process, the FE estimator is never optimal among this set of estimators in terms of
minimizing the bias. With large T', however, the bias of POLS and FE will be quite close. Whether
this ranking extends to other models of persistent, but time-varying, unobserved heterogeneity is
unclear and left for future research. The AR(1) assumption, however, seems like a reasonable
approximation as discussed above. Moreover, researchers currently assume that « is so persistent
that it is time invariant, implying that the case where § > p is apt to be more common, making FD
the bias-minimizing estimator among the set. A similar finding appears in McKinnish (2008) for
the case where the covariate suffers from serially correlated measurement error; see also Wooldridge
(2010, Section 11.5). If the measurement error is more persistent than the covariate, then FD

minimizes the bias.!?

Remark 2. If strict exogeneity fails due to time-varying unobserved heterogeneity as posited in
Equation (4), researchers must think critically about the relative persistence of the unobserved het-
erogeneity and the covariates net of the unobserved heterogeneity. While the ranking of POLS, FD,

and FE depends on which is more persistent, FE is never optimal in terms of minimizing the bias.

3.3 Differencing Estimators in More Detail

To appreciate why the FD estimator is less biased than the FE estimator when the time-varying,
unit-specific heterogeneity is more persistent than the remaining variation in the covariates, consider

the following estimating equation
yit =z + o) + 0" +ew, V(i t) e N xS (11)

where § = {s,...,s'} and s < s’. This is identical to Equation (1) except for a generic period defined
by S. Given the definition of af’sl, the unit fixed effect will capture (weakly) fewer attributes and
nft’sl (weakly) more attributes as s’ — s — oo. Thus, in our setup, setting s’ = s + 1 yields
an unbiased and consistent estimate of 8 under a weaker strict exogeneity condition than when
s’ > s+ 1. Moreover, with only two time periods, s and s’, the FE and FD estimators are identical.
This is a simple yet powerful insight that is typically overlooked in empirical research. Retaining

only periods s and s + 1, the FD estimator applies OLS to the following estimating equation

Ayist1 = Axj o118+ Anfjill + Ag; 41 (12)

!
Unbiasedness requires E [Anf’;ﬂ + Ag; 51w s, xi78+1} =c.

20

When this strict exogeneity condition fails, however, the bias depends on the share of the
variance of Ax that is due to An. On the one hand, this share will increase if the portion of x that
is orthogonal to « (such as z in Section 3.2) is more persistent than the part that is not orthogonal.

In this case, while first-differencing removes more unobserved heterogeneity than mean-differencing

9McKinnish (2008) did not consider POLS, but did analyze long-differences along with FD and FE.
29As discussed above, since there is no reason to assume E {ns’”l] = 0, one should augment the first-differenced
model in Equation (12) with an intercept.
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(or longer differences), it removes even more of the strictly exogenous variation in x. As such,
something akin to the signal-to-noise ratio falls. Here it is the “exogenous signal-to-time-varying
unobserved heterogeneity ratio” that declines. In such cases, the bias is minimized using the longest
difference (i.e., y;7 — y;1) and the bias of POLS and FE fall somewhere in between that of the
longest difference and the first difference. We do not place much confidence in the longest difference
estimator, however, since we are concerned with applications where T is large, thus making the
efficiency loss from only using two time periods quite severe. Nonetheless, it is an estimator that
researchers might consider, particularly if N is large.?!

On the other hand, the bias will decrease if the portion of x that is orthogonal to « (such as z
in Section 3.2) is less persistent than the part that is not orthogonal. In this case, first-differencing
removes more unobserved heterogeneity than strictly exogenous variation in x, reducing the bias.
The longest difference will have the largest bias and, again, the bias of POLS and FE fall somewhere
in between that of the first difference and longest difference.

When first-differencing improves the “exogenous signal-to-time-varying unobserved heterogeneity
ratio,” it would be inefficient to use only two time periods—as suggested by Equation (12)—if a
researcher has access to a panel of length T'. Stacking (12) using s = 1,...,7 — 1 and estimating the
model using POLS yields the FD estimator applied to the full sample.

As an alternative to stacking the estimating equations and performing a single estimation, we
introduce a new estimator which we refer to as rolling first-differences (RFD). The estimator can
be implemented in two ways. First, one can separately estimate Equation (12) for s = 1,...,7 — 1
with s’ = s + 1. This yields T'— 1 estimates of 3, denoted by Epp(s, s+ 1), where (s,s + 1) refers

to the sample periods used in the estimation. A final estimate can be obtained via model averaging

T-1

Brrp = vaBrp(s,s+1), (13)
s=1

where v, is the weight given to B\FD(S, s+ 1) and the weights sum to one. See Algorithm 1.

The estimator in Equation (13) is an example of MDE. The preferred approach to combining
the T'— 1 estimates uses the optimal weight matrix (Wooldridge, 2010, Section 14.5). In this case,
v, is a function of the variances and covariances of the individual estimates. In Algorithm 1 we
simplify this computation by ignoring the covariances (see, e.g. Mullahy, 2016).22 Moreover, an
anonymous reviewer also pointed out that the FD estimator is a special case of the rolling FD when
the two-period FD estimators have equal variance.

The second approach to implementation of RFD is to stack the T'— 1 equations and estimate

2'Hahn et al. (2007) propose the use of the longest difference estimator in the context of dynamic panel data models
with high persistence in the dependent variable as it minimizes the bias associated with weak instruments.

22 Alternatively, one might use a clustered bootstrap to obtain the empirical variances and covariances of the
estimates.
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the model by GMM. The moment conditions are given by

E [Aa;'12 (Ayzg — szgﬂ)] = 0 (14)

E [Am’lT (Ayir — AxiTﬁ)] =0

This allows the usual GMM inference and properties to apply.

Algorithm 1 Rolling First Differences (RFD) Estimator
1: while s=1,...,T7 —1do
2: Apply the FD estimator (with or without an intercept in the differenced equation)

using data from two periods, {y;, $it}v(i7t)e/\/><$, S={s,s+1}.
3: Collect the coefficient estimates and robust variance-covariance matrix: B\ rp(s,s+ 1),
iﬁpp (s,s+ 1), where (s,s + 1) refers to the sample periods used in the estimation.

4: end while

ot

: Estimate S using the minimum distance estimator

Brrp = argmgn (B - 5>/ wt (5 - 5) ;

where
. [ $5,,(1,2) 0 0 |
Brp(1,2) FDO
8= : ;W=
~ : 0
Brp(T —1,T) .
0 e 0 S (T-1,T) |

Or, alternatively, estimate via OLS

BFD(SNS_" 1) = Brrp + (s

weighted by the inverse of \/Var <§FD(S, s+ 1))

The RFD approach raises a question: Is there an advantage to RFD over FD, since RFD and FD
eliminate the same unobserved attributes? As mentioned previously, FE is asymptotically efficient
among the class of estimators relying on strict exogeneity when g;; is conditionally homoskedastic
and not serially correlated. RFD (in Algorithm 1) is based on separate FD estimates over two time
periods rather than a single FD estimate over T' — 1 time periods, where FD and FE are equivalent
when T' = 2. This suggests a possible efficiency gain when using RFD instead of FD. Moreover,
since RFD (in Algorithm 1) is based on a series of T'— 1 cross-sectional regressions, there is no need

to contemplate the use of clustered standard errors. As discussed in Abadie et al. (2022), decisions
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over clustering when using longitudinal data are not trivial. Finally, RFD lends itself more naturally
to situations where researchers wish to allow for temporal heterogeneity in 5. We return to this in
Section 3.4.

Offsetting these advantages of the RFD estimator is the inefficiency that results from using
a sub-optimal weight matrix in the MDE step and/or the use of rolling regressions if the unit
fixed effects are constant for all units over the full sample period (Cai and Juhl, 2023). These are
potentially addressed using the GMM implementation. We explore this in Section 4.

The logic here can be extended ad infinitum. For instance, if the portion of Ax that is orthogonal
to Aa (such as Az in Section 3.2) is less persistent than the part that is not orthogonal, first-
differencing again will further reduce the bias. This estimator, known as twice first-differencing
(TFD), is obtained by estimating

A%y = Nz + Aleyy, (15)

by POLS, where A%y;; = Ay;; — Ayii—1 is the twice-difference operator. In fact,

o _ Cov(A%y,A%z) AVar(A2aq)
plim fia = Var(A2z) b+ Var(AZ2z) (16)
-1
_ 54 AB—=68)a2 1 [AN2(3—6)02, N (3—p)o2,
1+0 146 1+p

Under the DGP in Section 3.2, we summarize the performance of TFD in the following proposition.

Proposition 2. Ifd > p, implying that « is more persistent than z, then |Bias(§tfd)\ 1s smaller than
that for POLS, FD, and FE. If 6 < p, implying that z is more persistent than o, then \Bias(gtfd)]
is larger than that for POLS, FD, and FE. If § = p, then |Bias(§tfd)| is equal to that for POLS,
FD, and FE.

Proof See Appendix A.3 and A.4. B

Thus, when the unobserved heterogeneity is more persistent than the remaining variation in the
covariate—which is the more likely case as argued previously—further differencing reduces the bias
(at the expense of efficiency). Moreover, it is trivial to alter Algorithm 1 to obtain the RTFD
estimator, where T'— 2 TFD estimates, BTFD(S, s + 2), are combined. GMM can also be used to
estimate RTFD.

Before continuing, it is worth considering two additional DGPs that may be empirically relevant,
but where the unobserved heterogeneity is nonstationary. In the first case, the estimating equation
is given by Equation (1) where a;; is

Qi = oz? + ailt. (17)

This is a situation of unit-specific linear time trends and is discussed in Mundlak (1978). Here, the

unobserved heterogeneity is never constant across time periods, and the expectation of «; varies
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over time. First-differencing yields
Ayir = Az + af + Aeyy, (18)

and mean-differencing yields
fit = & + ot + Eq. (19)

Both FE and FD will be biased unless x is strictly exogenous conditional on oz? alone. TFD removes
both a? and ail and thus requires only that x is strictly exogenous conditional on a? and al-l for
unbiasedness. Thus, assuming ¢ is white noise, TFD has the smallest bias—which is zero—regardless
of the persistence in .

In the second case, the DGP is identical to that in Section 3.2 except that § = 1, implying that
a;+ follows a random walk. A random walk may be a reasonable approximation in many situations
as it assumes unobserved heterogeneity and its effects are time-invariant in expectation rather than
in actuality; unobserved heterogeneity is time invariant except for period-specific, random shocks.
First-differencing yields

Ayit = AwitfS + €ajit + Acit (20)

and mean-differencing yields
Uit = TitfS + G p—1 + Eait + Eit- (21)

In this case, the FE estimator requires strict exogeneity of & with respect to €, and . In contrast,
the FD estimator requires strict exogeneity of x with respect to e, but only predetermined with
respect to €4. The TFD estimator, however, also requires strict exogeneity of x with respect to
£4.23 If these conditions fail, TFD will have the smallest bias as noted in Proposition 2 since § > p.

FE continues to have a larger bias than both, but a smaller bias than POLS.

Remark 3. If strict exogeneity fails due to time-varying unobserved heterogeneity that is more
persistent than the covariates net of the unobserved heterogeneity, then differencing beyond first-
differencing will further reduce the bias at the expense of inefficiency. Researchers should think
critically about this bias-variance trade-off. In addition, if the unobserved heterogeneity follows a
(unit-specific) linear time trend or a random walk, differencing beyond first-differences will minimize

the bias and convert the model to one that is stationary. The FE estimator will not.

In light of this, one might wonder why the FE estimator is the default choice in empirical studies.
We believe the answer lies in the fact that the FE estimator is more efficient than differencing
estimators when &;; is conditionally homoskedastic and not serially correlated (Aquaro and Cizek,
2013). In fact, it is the asymptotically efficient estimator among the class of estimators relying
on strict exogeneity under these conditions (Wooldridge, 2010, Section 10.6). The widespread use
of clustered standard errors nowadays, however, belies this assumption. Moreover, the focus on

efficiency comes at the neglect of the potential for bias and inconsistency. Lastly, in situations

23In this case, the estimating equation is A%y;; = A?2;8 + Aca,it + A?e;;. Unbiasedness requires that @iy (2i—1)
is orthogonal to £q,it—1 (Ea,it)-
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with large T', where the difference between the FE and FD (and TFD) estimators are likely to be
greatest, efficiency is less likely to be a concern.

That said, researchers should be aware that there are also alternative sources of misspecification
where FE is more robust than FD. One example is when a covariate suffers from classical mea-
surement and the true covariate is serially correlated with a declining correlogram (Griliches and
Hausman, 1986). Another example is when, say, y;; and z;; depend on an interactive fixed effects
structure, a;; = \j;, where \; is a vector of common factors. If id F, for some distribution F
that does not depend on o, then FE is preferred to FD and TFD since ay; is not persistent.?? A
final example is when a covariate responds to lagged—rather than contemporaneous—unobserved
heterogeneity.?® For instance, if the DGP in Section 3.2 is modified such that

Tit = Aoii—1 + Zit, (22)

then the relative (absolute value of the) biases become more complex.26 With large T, POLS and
FE are preferred to FD and TFD if § is close to zero. If § = 0, POLS is unbiased and consistent
and FE is consistent. If § is sufficiently greater than zero, then FD has the smallest bias, followed
by TFD and then POLS and FE. If § = 1, then FD is unbiased and consistent.

3.4 Slope Heterogeneity

Efficiency issues aside, the primary advantage of RFD relative to FD (or RTFD relative to TFD)
arises with slope heterogeneity. As discussed in Section 2, in many empirical applications there is
reason to suspect that not only might unobserved heterogeneity be time-varying as 7' increases,
but that the slopes will be as well. The slopes may also vary cross-sectionally following a group
structure. Both types of heterogeneity are easily incorporated into the RFD and RTFD estimators.

To allow for both types of heterogeneity, we can generalize Equation (1) to
Yit = Titfgr + it +eir, V(i,t) EN X T, (23)

where 4, is a K x 1 vector of slope parameters that depends on the time period ¢ and the
group membership of unit ¢ in period ¢, g;. For identification, the number of groups, G, should
be sufficiently smaller than N. Equation (23) nests the models in Bonhomme and Manresa (2015),
Boldea et al. (2020), Lumsdaine et al. (2023), and Wang et al. (2024).

Bonhomme and Manresa (2015) considers the case where Byt = By, and oy = oy, where g;
denotes the time-invariant group of unit 7. This setup allows for cross-sectional (at the group level)
heterogeneity in the slopes and cross-sectional (at the group level) and temporal (at the period
level) heterogeneity in the intercepts. Boldea et al. (2020) considers the case where By, + = B

and it = Qj (1), Where period ¢ belongs to regime m, m = 1,..., M, and M < T. Thus, temporal

24We are thankful to an anonymous referee for suggesting this example.
25We are thankful to Chris Muris for highlighting this point.
263ee Appendix A.5 and A.6.
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(at the regime level) heterogeneity in the slopes is allowed and cross-sectional (at the unit level)
and temporal (at the regime level) heterogeneity in the intercepts is allowed. Moreover, the timing
of changes in # and « is assumed to be identical. Lumsdaine et al. (2023) considers the case where
Byt = Bgi,m(tym(t) and ajt = ;). Hence, cross-sectional (at the group level) and temporal
(at the regime level) heterogeneity in the slopes is allowed and cross-sectional (at the unit level)
and temporal (at the regime level) heterogeneity in the intercepts is allowed. In addition, group
membership is allowed to vary across regimes. The timing of changes in 3, «, and group membership,
however, are assumed to be the same and common to all units. Wang et al. (2024) is identical to
Lumsdaine et al. (2023) in that By, = ﬂgi,m(t)vm(t)’ but they consider the case where «; follows
an IFE structure. Hence, cross-sectional (at the group level) and temporal (at the regime level)
heterogeneity in the slopes is allowed, but some restrictions are placed on the heterogeneity in the
intercepts; we discuss [FE further in Section 3.6.

In contrast to these prior approaches, RFD and RTFD automatically allow for temporal (at the
period level) heterogeneity in § while also removing as much unobserved, unit-specific heterogeneity
as possible. One simply need not combine the 7" — 1 estimates of g via MDE (i.e., skip line 5 in
Algorithm 1) or impose equality of 5 across the moment conditions in Equation (14). This imposes
less structure than in Boldea et al. (2020) and Lumsdaine et al. (2023) and removes the need to
perform a grid search over all possible break dates.?” Moreover, we can further amend the algorithm
to include cross-sectional (at the group level) heterogeneity in the slopes building on Bonhomme
and Manresa (2015) and Lumsdaine et al. (2023). Algorithm 2 outlines this approach.

A few remarks are warranted. First, Algorithm 2 should be implemented many times with
different starting assignments for the group structure. Second, extending Algorithm 2 to RTFD is
trivial; simply replace each first-difference with the corresponding twice first-difference. Third, the
theoretical results in Lumsdaine et al. (2023) imply that the group structure can be consistently
estimated as N — oo under certain assumptions.?® Specifically, Lumsdaine et al. (2023) prove that
the group structure and the structural break dates can be consistently estimated as N, T — oo and
NT—% — 0 for some ¢ > 0 under their assumptions. They also show that the asymptotic behavior of
their estimator is as if the group structure and structural break dates are known a priori, implying
that standard statistical inference can be used. In our case, we are allowing for a structural break
at every period and estimating the group structure using only cross-sectional data. That said, there
is a fundamental difference between the current setup and Lumsdaine et al. (2023). In their case,
there is no overlap in the sample before and after the estimated break date. In our case, our rolling
regressions overlap unless one revises line 1 in Algorithm 2 to s = 2,4,6,...,7T if T is even or ending
at T'— 1 if T is odd. With overlap, inference becomes nonstandard as in Cai and Juhl (2023) and
new critical values are needed. An alternative is to use the fuzzy clustering approach in Lewis et al.

(2023). This approximates the steps in Algorithm 2 with an objective function that is continuous.

27 Alternatively, one might allow for temporal heterogeneity in the slopes, but smooth the changes over time using,
for example, kernel smoothing (e.g., Cai and Juhl, 2023).
288ee Assumption 1 in Lumsdaine et al. (2023)
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The slope parameters and group assignments can be estimated in a single step by GMM.?? This

allows the usual GMM inference to apply.

Algorithm 2 Rolling First Differences (RFD) Estimator with Slope Heterogeneity

1: while s =2,...,T do

2:
3:

2

while G = 2,...,G do
Let G be the number of groups. Let g§°) be a 1 x N vector assigning each unit to a
group g € 1,...,G. Set m = 0.

Compute

2
/3( 1) — arg min [A is — Al’ m :|
s 6S€g ok E i Yis zsﬁgis ),s

which can be done by applying OLS separately to each group.

Given Bngrl) compute the optimal group assignment for each unit

2
gt = argmin Y [Ayi — Az, B0tV
I'e
where I' is the set of all possible partitions of IV units into G mutually exclusive
groups and Az;s may or may not include an intercept. The solution can be obtained
by computing for each i € N’

2
= argmin Ayis — A»”Uisﬁg(:;—i_l)

ge{1,....G}

(m+1)

s
Set m = m + 1 and go to line 4 (until numerical convergence).

end while

Compute

) 2
G: = arg min Z [AyZS - Axi‘S/BngsyS] + H
Ge{?,...,@} !

where 5557

that is a function of N and 7" and the number of parameters K x G (e.g., Aikake or Bayesian

s is final estimate of 3y, s when the number of groups is G and II is a penalty

Information Criterion). The maximum possible number of groups, G, must be sufficiently

smaller than N.

9: end while

3.5 Testing Strict Exogeneity

Although the strict exogeneity assumption may fail for reasons other than time-varying unobserved

heterogeneity, testing this assumption is crucial regardless. Unfortunately, empirical researchers

PLewis et al. (2023) impose time-invariant group assignments. If one wishes to do that here, their estimator is
directly applicable. Instead, Algorithm 2 loops over periods, allowing group structure to change across periods, but
at the expense of estimating group assignment in each period using only a single cross-section.
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rarely perform such a test despite the ease of doing s0.2’ There are two simple ways to test the

strict exogeneity assumption. First, as discussed in Wooldridge (2010, p. 325), one can estimate
Ayiy = Az S + wiy + Aay + Acyy, (24)

where w is a subset of x (that excludes period fixed effects), by POLS and test H, : v = 0 using a

two-sided alternative. Alternatively, one can estimate
Yit = Tit + Wi 417 + Qi + Eit (25)

using the FE estimator and again test H, : v = 0 using a two-sided alternative.

Second, following Laporte and Windmeijer (2005), under the null hypothesis that the stronger
strict exogeneity required by the FE estimator is true, Spg and Spp (and Srpp) are unbiased and
consistent for 5 and thus the estimates should be sufficiently close. If the estimates diverge in a
statistically meaningful way, then this provides evidence against the null. Wooldridge (2010, p.
321) states that “if FE and FD estimates differ in ways that cannot be attributable to sampling
error, we should worry about the violations of the strict exogeneity assumption.” The test can be

accomplished by estimating the following stacked regression via POLS

Vit Tt 0
= + 0+ u; 26
( Ayt > < Az )B ( Az ) it ( )

and testing H, : # = 0 using a two-sided alternative and a cluster-robust estimator of the covariance
matrix (Papke and Wooldridge, 2023; Spierdijk, 2023). Of course, rejection of the null may also occur
under other sources of misspecification that differentially affect FE and FD. Moreover, choosing an

estimator on the basis of this test risks introducing problems associated with pre-testing (Papke
and Wooldridge, 2023).

Remark 4. When estimating linear panel data models with unobserved heterogeneity, the FE and
differencing estimators are asymptotically equivalent if strict exogeneity holds. All estimators relying
on strict exogeneity will be biased and inconsistent if this assumption fails, with the direction and
magnitude of the bias varying across estimators. Testing this assumption is straightforward yet
rarely done in practice. Researchers should present the results of such tests and think critically

about the implications.

3.6 Interactive Fixed Effects

Our analysis of estimators that are simple and general—and thus more likely to be adopted by
applied researchers—would be incomplete without considering a new addition to the empirical
toolkit: the interactive fixed effects estimator (IFE).3! The IFE estimator originates in Bai (2009),

30T his is likely because failure to reject the null of exogeneity when performing such tests is generally thought to
be less convincing than a rejection of the same null.
31The estimator is available in Stata (regife), R (interFE), and Python (pyInteractiveFixedEffects).
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with the specification given by
it = Tt + Moy + i, V(i 1) e N X T (27)

where )\ is a vector of common factors. This specification allows unit- and time-varying unobserved
heterogeneity, but with a particular functional form. It posits unit-specific responses to common
temporal shocks as well as common time-varying amplification of time invariant unit-specific un-
observed heterogeneity. The additional flexibility of the IFE estimator may offer advantages over
the traditional FE or FD estimators in certain situations such as the inclusion of unit-specific time
trends (Mundlak, 1978) or higher-dimensional unobserved heterogeneity (Gobillon and Magnac,
2016). In a setting with time-varying, unit-specific unobserved heterogeneity with unknown form,
however, the common factor structure for all units may be less robust than FD or TFD. That said,
the estimator can accommodate multiple factors; we consider one- and two-factor IFE estimators

in Section 4.

4 Examples

We begin by briefly discussing the results of Monte Carlo simulations. We then discuss the results
of four replications. As our primary focus is on the effects of time-varying fixed effects, we (mostly)

abstract from slope heterogeneity.

4.1 Monte Carlo Study

Details and full results for our Monte Carlo study are relegated to Appendix B. We compare several
estimators: (i) POLS, (ii) FE, (iii) FD, (iv) TFD, (v) RFD, (vi) RTFD, (vii) GMM FD, (viii) GMM
TFD, and (ix) IFE with one and two factors, respectively denoted IFE1 and IFE2. All FD and TFD

32 For simplicity, we do not consider

estimators exclude an intercept in the differenced equations.
cases of slope heterogeneity.

We evaluate the estimators in terms of the bias, absolute bias, and root mean squared error
(RMSE) of the slope coefficient on a single unit- and time-varying covariate from 200 replications
for each experimental design and configuration.

The results are plotted in Figures B.1 to B.24 in Appendix B. Because there are a lot of figures,

we provide a roadmap for the reader. Specifically,

e In each figure, Panel A displays the performance of each estimator with N = 100 observations,

and Panel B displays the performance of each estimator with N = 500 observations.

e In Figures B.1 to B.16, the five vertical panels in each of Panels A and B vary the degree of

serial correlation § in the unit-specific fixed effect «;, ranging from no serial correlation to

32The performance of the estimators with and without a constant are virtually identical given the experimental
designs. In practice, we recommend researchers include a constant. Our simulation results show there is no cost to
its inclusion even if the true value is zero.

21



perfect serial correlation, or such that 6 € {0,0.25,0.5,0.75,1}. The degree of serial correlation

p in the part of the covariate orthogonal to a;; is fixed at 0.5.

52a of the fixed effect a;; across Figures B.1 to B.16. Specifically,
Figures B.1 to B.4 set aga = 0.25, Figures B.5 to B.8 set a?a = 0.50, Figures B.9 to B.12 set
02a = 0.75, and Figures B.13 to B.16 set aga =1.

We vary the variance o

€

In Figures B.17 to B.24, z;; is a function of «; ;1 following the discussion at the end of Section
3.3. We vary the persistence in the data by varying both § and p. We set § = p = 0.1 in
Figures B.17 to B.20, and set § = p = 0.9 in Figures B.21 to B.24.

Finally, we present the RMSE of two simple model averaging (MA) estimators in Figures B.4,
B.8, B.12, and B.16, where the label MA1 and MA2 refer to the simple averaging of the FE,
FD, and TFD estimators and of the FE, RFD, and RTFD estimators, respectively.??

In each figure, the z-axis shows the number of time periods, or panel length. Since our focus is

on what happens as a panel encompasses longer time periods, we consider T" € {5, 10, 20, 30}.

For illustrative purposes, Figure 1 is identical to Figure B.15, but serves to showcase the pattern of
results that we find.

There are several important takeaways:

1.

All estimators considered are biased when z;; depends on «;;.

. The disparity in the point estimates between the estimators is increasing in | — p| and T.

However, the bias of the best performing estimator changes only modestly as |6 — p|. Thus, the
magnitude of the difference between, say, the FE and FD estimates provides no information

on which estimator may be preferred or the magnitude of the biases.

. Consistent with the theoretical analysis, POLS performs best in terms of bias and RMSE

when 6 = 0 or 0.25 (and hence is smaller than p = 0.5. The performances of FE, IFE1, and
IFE2 are close to POLS, particularly as T' increases.

. The rankings are reversed when 6 = 0.75 or 1 (and hence is larger than p = 0.5). TFD and

RTFD perform the best and the performances of FD and RFD are close. FE, IFE1, IFE2,

and POLS perform considerably worse, particularly as 1" increases.

. When § = p = 0.5 (and hence «a and z are equally persistent), the performance of all estimators

is nearly indistinguishable.

. The results improve only marginally with NV and the qualitative conclusions are unaffected by

N.

33For a more complete introduction to model averaging in linear regression models with or without structural
breaks, see, e.g., Hansen (2007, 2009). Antonelli and Cefalu (2020) consider averaging many causal estimates in
high-dimensional settings.
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7. Altering the variance of a;; changes the magnitude of the bias and RMSE, but not the relative

performance of estimators.

8. When x;; depends on o ;1 rather than a;;, the relative performance of the estimators depends
on whether § and p are close to zero or close to one. When both are close to zero, FE performs
best, followed closely by POLS, IFE1, and IFE2. When both are close to one, FD and RFD
perform best and POLS is always the worst. The relative performance of the remaining
estimators depends on T'; when T is small, FE, IFE1, and IFE2 outperform TFD and RTFD,
while the reverse is true with large T'. As before, the MA estimators offer a robust middle

option regardless of the degree of persistence.

In sum, the simulation results make clear that (i) time-varying unobserved heterogeneity can
be consequential, (ii) FE is rarely the optimal estimator, and (iii) researchers must think carefully
about the persistence of the covariates relative to the unobserved heterogeneity to justify their
estimator choice, particularly with large T'. Thus, reporting several estimators along with tests of

strict exogeneity should become standard practice.

4.2 Replications

To illustrate the importance of estimator choice when unobserved heterogeneity is likely to be time-
varying, we conduct four replications. We first follow Imai and Kim (2019) by replicating Rose
(2004) and Tomz et al. (2007), who look at the relationship between country-level participation in
the General Agreement on Tariffs and Trade (GATT) and international trade. We then replicate
Leipziger (2024) who assesses the impact of democracy on ethnic inequality. Next, we replicate
James (2015), who looks at the relationship between state-level resource-based government revenue
and state-level fiscal measures. In all three replications, we show that the choice of estimator can
have important consequences not just for the magnitude of the coefficients of interest, but also for
their sign and statistical significance. In contrast, when replicating Djankov and Reynal-Querol
(2010), we find the FE estimator to yield broadly robust results.

4.2.1 Imai and Kim (2019)

Table 1 replicates results in Imai and Kim (2019), who in turn replicate the analyses of the relation-
ship between country-level GATT participation and bilateral trade in Rose (2004) and Tomz et al.
(2007). The results in Table 1 use a sample of 175 countries over the period 1948-1994. Dyad-specific
fixed effects (i.e., a unit is a country pair) are included in a standard “gravity” model specification;
Rose (2004) and Tomz et al. (2007) also consider separate country-specific fixed effects. In Tomz
et al. (2007), researchers justify the inclusion of country fixed effects following the theoretical model
in Anderson and van Wincoop (2003), which “implies the presence of a ‘multilateral resistance’ term
that can be approximated using country and time fixed effects.”

Each column in Table 1 denotes a different estimator and each panel denotes a different spec-

ification. In Panels A and B the variable of interest is formal GATT membership, where Panel B
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includes year FEs. In Panels C and D, the variable of interest is informal GATT membership, where
Panel D includes year FEs. In each panel, we show the estimated coefficient on GATT membership
as well as the result of a Laporte and Windmeijer (2005) test of equality of coefficients between the
FE and FD specifications. Figure C.1 in Appendix C plots the RFD and RTFD (with an intercept)
estimates by year to examine temporal heterogeneity in the effects of GATT.?* Tables C.1-C.4 in
the Appendix display the full set of coefficient estimates.

The results are striking. First, FE and FD are statistically different at the p < 0.01 level in
all four panels. While the difference in point estimates is small in Panel B, this is not the case in
the remaining panels. Thus, the choice between FE and FD fundamentally alters the conclusions.
Second, while the TFD estimates are always close to the FD estimate, the RFD and RTFD (with or
without a constant for either) tend to be statistically insignificant, except for the RFD estimates in
the case of informal GATT membership, in which case the estimates are closer to the FD estimate
than the FE estimate. Third, the IFE1 estimates are quite similar to the FE estimates, as suggested
by our simulation study. The IFE2 estimates are more similar to the FD estimates, although are
statistically insignificant. Finally, the year-specific estimates in Figure C.1 show marginally less
volatile and more likely to be non-negative estimates for informal GATT membership, particularly
during 1960s and 1970s.

4.2.2 Leipziger (2024)

Tables 2 and 3 replicate results in Leipziger (2024), who looks at the relationship between democracy
and ethnic inequality using country-level panel data. The objective is to test the hypothesis that
democracy elevates ethnic minority groups through the ability to mobilize and hold the government
accountable. In addition, it is hypothesized that this effect may be greater in countries where the
pre-democratic regime was particularly unequal due to the greater incentives to achieve equality
created by starting from a lower (relative) baseline.

We analyze the effects of a binary measure of democracy on two measures of ethnic inequality: a
measure of group inequality in access to public services and inequality in educational attainment.3?
The first measure is available for an unbalanced panel of 175 countries over 121 years. The median
country is in the sample for 84 years. The second measure is available for an unbalanced panel of
86 countries over 68 years. The median country is in the sample for 49 years. Despite the sample

spanning many decades, the author relies heavily on country fixed effects to interpret the results

causally. Leipziger (2024, p. 1341) states:

“I regard country-fixed effects as crucial for addressing potential endogeneity issues.
Countries characterized by high ethnic inequality are likely to be different from coun-

tries with less pronounced inequality on a range of confounding characteristics, such

34Note, estimates are missing for certain years in which there is no change in GATT status from the prior year. In
addition, one should interpret the confidence bands carefully as they are likely to have coverage rates that are too
small as discussed in Section 3.4.

35Leipziger (2024) examines a third outcome based on a measure of inequality constructed from nighttime lights
data. However, this measure is only available for the years 1992, 2000, and 2012.

24



as colonization, state antiquity, and geographic location. By including country-fixed

effects, the specifications control for such unobservable time-invariant factors.”

While some of the country-level factors listed are (mostly) time invariant (e.g., even borders change
over time), the effects of such characteristics on ethnic inequality are not likely to be constant over
such a long time period. The unobserved heterogeneity, while time-varying, is likely to be highly
persistent.

The results for inequality in public services are in Table 2. The results for inequality in educa-
tional attainment are in Table 3. Again, each column in the tables denotes a different estimator, and
each panel denotes a different specification. Each panel also displays the result of the Laporte and
Windmeijer (2005) test of equality of coefficients between the FE and FD specifications. Figures
C.2 and C.3 in Appendix C plots the RFD and RTFD (with an intercept) estimates by year to
examine temporal heterogeneity in the effects of democracy and the interaction between democracy
and the pre-democratic level of inequality.36

The results highlight the importance of estimator choice. First, FE and FD are statistically
different at the p < 0.01 level in three of four panels. In Panel A in both tables, the effect of democ-
racy is reduced in magnitude by at least 80% (in absolute value), although it remains statistically
significant at the p < 0.01 level in Table 2. In Panel B in both tables, the coefficients on the interac-
tion term between democracy and the pre-democratic level of inequality become precisely estimated
null effects. Second, in Panel A in both tables, the effect of democracy is a precisely estimated zero
according to TFD and all rolling estimators. The IFE estimates continue to be similar to the FE
estimates, particularly in Table 2, albeit with smaller magnitudes. Finally, in Table 2 the TFD and
the rolling estimates are not consistent with the hypothesis that greater pre-democratic inequality
leads to a larger reduction in inequality under democracy. In fact, the TFD and RFD (with con-
stant) are now positive and statistically significant at at least the p < 0.05 level. In contrast, in
Table 3 the rolling estimates are all negative and statistically significant at the p < 0.01 level. The

point estimates, however, are at least 80% smaller than the FE estimate.

4.2.3 James (2015)

Tables 4 and 5 replicate results in James (2015), who looks at the relationship between state-
level resource-based government revenue and taxation, spending, and savings at the state-level
using annual data from 1958-2008. The goal is to test the theory that a benevolent government
will reduce taxes and increase both spending and savings in response to an exogenous increase in
resource-based government revenue. Despite the sample covering 51 years, James (2015, p. 243)
claims that “time-invariant, state-specific characteristics such as average population density, political
preferences, wealth, unemployment, culture, and institutional quality are captured by state fixed
effects.” Clearly, this is not the case. For example, Caughey and Warshaw (2016) shows that political

preferences as measured by state policy liberalism varied tremendously over the past century, at least

36No additional controls are included in the original study.
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for select states. Frank (2009) documents the intrastate temporal variation in income inequality.
The unemployment rate in California varied from a low of 4.8% to a high of 11.1% between 1976
and 2008.%7

The results in Table 4 use the full sample of all 50 states. The specifications in Table 5 omit
Alaska but are otherwise identical. As before, each column in the tables denotes a different estimator,
and each panel denotes a different dependent variable. In each panel, we show the estimated
coefficient on resource-based government revenue as well as the result of the Laporte and Windmeijer
(2005) test of equality of coefficients between the FE and FD specifications. Figures C.4 and C.5 in
Appendix C plots the RFD and RTFD (with an intercept) estimates by year to examine temporal
heterogeneity in the effects of resource-based revenue.?®

Our analysis leads to a few salient findings. First, the FE and FD estimates in Table 4 are
statistically different at the p < 0.05 level in three out of five cases. The estimates are even of
opposite sign for education expenditures (Panel D). Moreover, while statistically different at only
the p < 0.11 level, the FE and FD estimates are also of opposite sign for nonresource revenue (Panel
A), only the FD estimate is statistically significant (at the p < 0.01 level), and the FD estimate is
more than three times as large in absolute value. Second, the divergence between the FE and FD
estimates is even more pronounced in Table 5 when Alaska is omitted. While the FE estimates are
statistically significant at the p < 0.05 level for all outcomes, the FE and FD estimates continue to
be statistically different at the p < 0.05 level in three out of five cases. Moreover, the FD estimates
are statistically indistinguishable from zero in three out of five cases. Thus, the choice between FE
and FD matters.

Third, the TFD and the various RFD estimators are much more similar to the FD estimates
than the FE estimates, consistent with our simulation study. In Table 4, in particular, FE is a
clear outlier among this group of estimators. Fourth, the IFE estimates are a mixed bag, but they
tend to look closer to the FE estimates than the FD or RFD estimates, at least in the case of the
IFE1 estimate. The IFE2 estimates often differ in magnitude from the IFE1 estimate. Again, this
is consistent with our simulation results. Fifth, while the year-specific estimates shown in Figures
C.4 and C.5 are noisy, there is no discernible pattern of temporal heterogeneity.

Finally, a striking pattern emerges when examining the instrumental variable (IV) estimates in
James (2015). Omitting the details, the author worries about the endogeneity of resource revenues
even with the inclusion of state FEs and thus combines IV with FE (IV-FE) in the specifications
omitting Alaska. Interestingly, in four of five cases the FD estimates are much closer to the IV-FE
estimates than the FE estimates. This is consistent with FD removing more relevant unobserved
heterogeneity than FE (but not accounting for as much unobserved heterogeneity as IV-FE). While
certainly not a general result, in this case FD, TFD, and RFD isolate much of the same (or similar)
exogenous variation in resource-based government revenue as does the instrument. For example,
for total expenditures (Panel C), the point estimates change from 0.43 (FE) to 0.19 (FD) to -0.03

37See https://fred.stlouisfed.org/series/CAUR.
38Note, no additional controls are included in the original study.
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(IV-FE). For education expenditures (Panel D), the point estimates change from 0.15 (FE) to 0.02
(FD) to -0.03 (IV-FE). For public savings (Panel E), the point estimates change from 0.32 (FE) to
0.55 (FD) to 0.76 (IV-FE).

4.2.4 Djankov and Reynal-Querol (2010)

Table 6 replicates the results in Djankov and Reynal-Querol (2010), who look at the relationship
between country-level poverty and the onset of civil war using data on roughly 200 countries for
the period 1960-2000. The goal is to test the assertion that poverty reduction is a critical factor in
reducing the incidence of civil war and violence. While prior evidence supports the assertion, the
authors contend that failure to include country fixed effects biases these results.?”

The results in Table 6 rely on data from 1960-2000 collapsed to five- or ten-year intervals. The
outcomes are indicators for the onset of civil war at any point during the interval and the covariates
are measured at the start of the interval. This leads to T = 8 and T = 4, respectively.*® Figure
C.6 in Appendix C plots the RFD and RTFD (with an intercept) estimates by period to examine
temporal heterogeneity in the effects lagged income. Tables C.5—C.7 in Appendix C display the full
set, of coefficient estimates.

In contrast to the previous replications, here the original FE estimates are broadly similar to
those of alternative estimators. Specifically, we never reject the null of equality between the FE
and FD estimates below the p < 0.09 level and the only cases where the alternative estimators
indicate a negative and statistically significant impact of income are IFE1 and IFE2 in Panel B(I)
and IFE1 in Panel B(II). The remaining point estimates are a mix of positive and negative, with
TFD being positive and marginally statistically significant in Panel B(I). Figure C.6 bears out these
mixed results. Specifically, in Panel (A) the effects are negative and statistically significant early
in the sample, but a mix of positive and negative later in the sample. In Panel (B), the estimates
oscillate between roughly positive and negative across periods. Finally, in Panel (C) the estimate
are positive during the middle of the sample period, but predominantly negative at the beginning
and end of the sample period.

Djankov and Reynal-Querol (2010) also use a second data set spanning 1825-2000 and group
the data in 25- and 50-year intervals. While we omit our replication of those results for brevity,
our findings are again broadly consistent with the FE estimates. Specifically, while we now find
the FD and FE estimates to be statistically different at the p < 0.01 level, all alternative estimates
indicate either no statistically meaningful relationship between income and the onset of civil war,

or a positive and statistically significant relationship, consistent with Miguel et al. (2004).

39The authors also discuss instrumenting for poverty, finding similar results to their FE estimates.
40The authors also consider 20-year intervals, but this implies 7' = 2 which precludes the need for alternative
estimators.
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5 Conclusion

When everything else is held constant, more data is better. But when is everything ever held
constant? In this paper, we highlight the oft-overlooked fact that as 7' increases, estimators such
as FE are of decreasing usefulness because the amount of time-invariant heterogeneity is (weakly)
decreasing in T'. We then compare the FE estimator with the FD estimator, which is often taught
alongside the FE estimator but which has fallen out of favor relative to the FE estimator. Impor-
tantly, we show that FD is preferred to FE when the persistence in the time-varying unobserved
heterogeneity is weakly greater than the persistence in the time-varying covariates of interest net of
the unobserved heterogeneity.

We also present additional estimators that improve on FE under large T" and unobserved het-
erogeneity that is relatively persistent, but not time invariant, and are simple to implement. While
the proposed alternatives to FE are inefficient under the assumptions of the standard fixed effects
model, they can be more robust to the types of misspecification discussed here as the amount of
unobserved heterogeneity removed by these alternatives is (weakly) greater.*!

On the basis of these findings, we offer several recommendations for applied researchers when
using panel data with N >> T'. Researchers should

1. Explicitly discuss (and justify) the assumptions made regarding what is captured by unit fixed

effects.

2. At the very least, report estimates based on temporal differences (i.e., estimates from FD,
RFD, TFD, and RTFD) when T' > 2 and compare them with results from the fixed effects

estimator.

3. Test for violations of strict exogeneity and/or equality between the fixed effects and first

differences estimators.

4. Seek to assemble higher-frequency data (i.e., more sub-periods within each period ¢) rather

than (or in addition to) longer (i.e., larger T') panels.*?

Our analysis suggests several avenues for future research. First, a rolling FE estimator may be
worth exploring where one rolls over three or more consecutive periods at a time. This is similar
to existing approaches of allowing for multiple, common structural breaks and has efficiency gains
relative to RFD if the slopes and intercepts are temporally locally homogeneous over more than
two time periods. Second, similar to Qian and Su (2016), Li et al. (2016), Okui and Wang (2021),
and Chan and Méatyas (2022), it may be advantageous to treat a; as parameters to be estimated

using machine learning techniques under a sparsity assumption. Third, the derivation of proper

“For time-varying unobserved heterogeneity in panel event-study designs, see Freyaldenhoven et al. (2019), who
provide sufficient conditions for identification even in the presence of pre-trends in the outcome variable.

“2This is consistent with McKenzie (2012), who advocates that researchers take multiple measurements of noisy
outcomes characterized by a low degree of autocorrelation (e.g., agricultural yields, business profits, household ex-
penditures).
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confidence bands for the rolling estimates of the slope parameters is needed when one estimates the
model period-by-period. Estimation by GMM offers a solution but can be computationally intensive
with large T'. Fourth, one should consider the bias-variance tradeoff involved with the use of time
fixed effects as IV increases. For example, as one adds more countries to country-by-time panel data,
unobserved heterogeneity that is constant over the larger set of counties within a given time period
will be (weakly) less. Finally, given the popularity of TWFE in difference-in-difference designs, as
well as the now well-known issues created by staggered adoption, investigating the performance of
rolling estimators in that context seems warranted (see, e.g., Roth et al., 2023)—an effort we rather

happily leave for future research.
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A  Proofs

Declaration: Al tools were used extensively in this Section (specifically, Google Gemini 2.5 Pro). The authors

are responsible and accountable for the analysis, accuracy, interpretation, etc. of all content provided.

A.1 Setup

Assume the DGP is

yit = o+ xaf + o +ei, V(i t) EN X T

Tig = Aoy + 2
i = O00uyi—1 + €qit
Zit = PZig—1t €zt

e ~ WN(0,02)

Eait ~ WN(0,02)

exit ~ WN(0,02)
Cov (2it, €is) = Cov (zit,€ais) = 0 Vi, s

CoV (€q,it; €is) = COV (Eqit, €2,is) = CoV (€it,€245) = 0 Vi,s

A.2 Requirements for x; to be Stationary

For estimation of the model in Section A.1 to be meaningful, y and x should be stationary. As such, we
need to determine the parameter restrictions required for this to be the case.

Using the lag operator and the known properties of AR(1) processes, we can write

1

aip = 0—1 + Eaut = mga,z‘t

Zit = PZig—1tEzit = 1-,L poz,z‘t

where L is the lag operator. Substituting into the equation for z; yields

N 1 n 1
Ti — e €. :
it 1—05L o, 1— pL 2zt

A1 —pL)egt + (1 —0L)ey
(1=0L)(1 = pL)

Multiplying both sides by the denominator and expanding terms yields
Ty — (6 + p)Ti—1+ 6pTi—2 = Near — A\pEat—1 + €20t — 06211

which can be re-written as

xp = (0 + p)xi—1 — dpxi—2 + Nit,

where 7 = Xeq it — ApEait—1 + €20t — 0€it—1 is an MA(1) process. So, x;; is an ARMA(2,1) process.



For an ARMA(2,1) process to be stationary, the roots of its autoregressive characteristic equation must

lie outside the unit circle. The characteristic equation is
1—(0+p)L+6pL?> =0
Letting r be the roots, we obtain r; = 1/§ and ro = 1/p. Consequently, stationarity requires

m|>1 = |1/6|>1 = |§| <1

m2] >1 = |1/p|>1 = |p| <1

The parameter A affects the moving average part of the process, but it does not affect the stationarity.
Restrictions on A are required for invertibility if one wishes to estimate the full set of parameters of the

ARMA process.

A.3 Estimator plim’s

The plim’s for the estimators considered are

_ Cov(y,z) Cov(ag+ Bz +a+e,x)

POLS : plim Bols

Var(z) Var(x)

S
L N
s prm = S - S

2 2 2

=B+ W =B+ AW
S e e

S = ety

Thus, the bias term for each estimator is Var(f(«))/Var(f(x)) for differing functions f(-). The basic
building blocks for the bias terms are the properties of «, z, and z, where + = Aa + z and « and z are

independent AR(1) processes:



e Unconditional Variance:

o
Var(z) = —=
2
Var(a) = 10_5"‘52
Var(z) = A’Var(a) + Var(z) = A? %, + ‘e
ar(z) = \“Var(« ar(z) = [ 52 T2

e First Difference Variance:

Var(Az) = Var(zi — zit—1)
= Var(z;) + Var(zj—1) — 2Cov(zit, zit—1)
= 2Var(z) — 2pVar(z)
=2(1 — p)Var(z)
Var(Aa) = 2(1 — §)Var(«)
Var(Az) = A?Var(Aa) + Var(Az) = 2 [/\2(1 — §)Var(a) + (1 — p)Var(z)]

e Second Difference Variance:

Var(AQZ) = Var(zi; — 2zit—1 + zit—2)
= Var(z) + 4Var(z) + Var(z) — 4Cov(z;, zit—1) + 2Cov(2it, zit—2) — 4Cov(zit—1, Zit—2)
= 6Var(z) — 4pVar(z) + 2p*Var(z) — 4pVar(2)
= (6 — 8p + 2p*)Var(2)
=2(1-p)(3 — p)Var(z)
Var(A%a) = 2(1 — 6)(3 — §)Var(a)
Var(A%z) = A?Var(A%a) 4 Var(A?%z) = 2 [)\2(1 —0)(3 = 6)Var(a) + (1 — p)(3 — p)Var(z)]

since Cov(z, zir—1) = p*Var(z) and similarly for a.

e Within Variance:

Var(Z) = g(p, T)Var(z)
Var(a) =~ g(d, T)Var(«)
Var (i) = A\*Var(a) + Var(%) =~ A\?g(6, T)Var(«) + g(p, T)Var(z)

where g(p,T) =1— % %ﬁ - 27’38:2;) and similarly for a.



Substitution yields

POLS:  plimfBys =08+ \Var(a)
Var(x)

. s Var(Aa«)

FD: plim Brq _ﬁ+>\Var(Am)

A1 = §)Var(«)
A2(1 — 0)Var(a) + (1 — p)Var(z)
Var(A2a)
Var(AZ2z)

=B+

TFD : plim Btfd =0+

A(1—0)(3 —d)Var(«)
1—-9)(3—9d)Var(a) + (1 — p)(3 — p)Var(z)
Var(a)

Var (%)
Ag(0, T)Var(«)
A2g(0, T)Var(a) + g(p, T)Var(z)

:,3+>\2(

FE : plimgfe =B+ A

~ 3+

A.4 Comparison of biases

As stated in Propositions 1 and 2, the absolute bias of each estimator can be ranked as follows:

If6=p: [Bias(Bus)| = [Bias(Bs.)| = |Bias(Bsa)| = [Bias(Bisa)l
If0<p: [Bias(Bia)| > [Bias(Bsa)| > [Bias(Bse)| 2 |Bias(Bois)]
If0>p: [Bias(Bus)| = [Bias(Bse)| > |Bias(Bsa)| > [Bias(Bisa)l

where
|Bias(Bois)| = /\2Var)\(\;a)r-$—a\2ar(2)
|Bias(Brq)| = 21— 5)A\/Sr(_a(§)yra(rl(i)P)Var(Z)
|Bias(Bif4)| = NI-0)3 i(;);a?(f);&()f ir[(,?()3 — p)Var(z)
Bias(Bre)| = | 52575 T)?,ii(séoi)ia;((z)zuvﬂ(z)




Proof: Let Q = Var(z)  Then

A2Var(a)*

‘Bias(gols)‘ = L ‘

A1+ Q)
Bias(By4)| = !

e ()
IBias(Biga)| = | ———

A1+ E=5580)]
Bias(Bre)| = |———

AL+ e Q}

Assuming A, p,0 > 0 and strictly positive variances, the biases are positive in all cases. Thus, we
can drop the absolute value signs. The relative magnitudes of the biases depend on the scalars mul-
tiplying @ in the denominator (ignoring the common factor 1/)). Let the scalar be k; for estimator

j € {POLS,FD,TFD,FE}. A larger k; implies a smaller bias for estimator j.

Case 1: p>0 >0 If the AR(1) process for z is more persistent than for a:

° k'fd =L <1 =k, = B1as(5 ) > Blas(ﬁols)

e Comparing k;fq to kyq: Lj = % <1 = kipq < kpqg = Bias(Bera) > Bias(SBea).

This gives the ranking: |Bias(Besa)| > [Bias(Bga)| > [Bias(Bos)|.

Case 2: 0 > p >0 If the AR(1) process for « is more persistent than for z:

o kig=15%>1=koys = Blas(gfd) < Bias(aols).

e Comparing kifq to ksq: kt;; = % >1 = kipg > kg = BiaS(Btfd) < BiaS(B\fd).

This gives the ranking: |Bias(Bo1s)| > |Bias(Bsa)| > |Bias(Bega)|-

Detailed Comparison of |P| and |F| for Large T As T — oo, ¢g(6,7) — 1 and ¢g(p,T) — 1.

Consequently, kg = g%g’% — 1, which implies that Bias(Bfe) — Bias(gols). For a large but finite T,

the comparison depends on whether k. is greater or less than k,s = 1. This is determined by the
relative magnitudes of g(p,T) and ¢(d,7). The function g(¢,T) is a decreasing function of the term
h(p,T) = X (ﬁz ) For large T, the behavior of h(¢,T) is dominated by its first component,

m(¢) = 1+$, which is a monotonically increasing function of ¢ for ¢ € [0, 1).
e Case 1: p > § > 0: Since m(¢) is increasing in ¢, we have m(p) > m(5). This implies that,
for large T, h(p,T) > h(6,T). Because g = 1 — h, it follows that g(p,T) < ¢(d,T). Therefore,

kfe = g((g g < 1 = kg, This leads to the conclusion: |Bias(Bge)| > |Bias(Bols)|.

e Case 2 0 > p > 0: By the same logic, m(d) > m(p) implies h(6,T) > h(p,T), and thus ¢(5,T) <

g(p,T). Therefore, k¢, = ng’ ; > 1 = k5. This leads to the conclusion: ]Blas(ﬁfe)\ < ]Blas(5015)|




The within-mean transformation removes more variance from the more persistent series. When p > ¢,
demeaning is more effective on z, reducing its relative variance. This increases the bias in F'E compared to
POLS. Conversely, when ¢ > p, demeaning is more effective on «, reducing its relative variance and thus
decreasing the bias of F'E compared to POLS.

A.5 1z Depends on Lagged o

The DGP is identical to before except now x;; = Aayr—1 + 2. The plim’s for the estimators considered are

_ Cov(ys, )  Cov(ag + Bz + o + €4, ¢)

POLS : plim B\ols

Var(z;) Var(zy)
B Cov(ay, ) Cov(davs—1, Aag—1 + 2¢) Var(«)
=6+ Var(z;) b+ Var(z;) =A+ A(;Var(a:)
‘ PN _ Cov(Ays, Azy)  Cov(BAzy + Aay + Aey, Amy)

D plim fra = Var(Az;) Var(Awxy)
_54 Cov(Aay, Axy) Cov(Aay, NAay—1 + Azp)
N Var(Az;) Var(Axy)
B Cov(Aay, Aay—1) 9 Var(a)
=B+A Var(Axy) =8-M1-9) Var(Ax)

~ Cov(A%y, A2xy)  Cov(BAZmy + A2y + A2ey, A%xy)
TFD : 1i = =
pLim fisa Var(AZxy) Var(A2xy)

_ 54 Cov(A2ay, A2x) _ 5 Cov(A2ay, \A%ayy 1 + A2z)
B Var(AZzy) Var(AZxy)
B Cov(A2ay, A’oy—1) 3 9 Var(a)
=B+ Var(A%2) =B+ A(6°—46 +75_4)7Var(A2x)

FE - lim B o COV(yt, J)t) . COV(ﬁ.’.I:'t + oy + ét, .’L't)

' P A Var(#;) Var (i)

_ COV(dt, .’L't) . COV(dt, )\dt—l + Zt)
=A+ Var(i;) p+ Var (i)
B Cov(cvg, Ar—1) N Var(«)
=8+ Var(iy) M B+ A0 Var ()

Thus, the bias term for each estimator is fo(Var(a))/Var(fi(x)) for differing functions fo(-), fi(-). The
basic building blocks for the bias terms are the properties of «, z, and x, where £ = Aa + z and « and z

are independent AR(1) processes:

e Unconditional Variance:

2
o
Var(z) = —=
2
o
Var(a) = : —8(52
0'2 0'2
Var(z) = A*Var(a) + Var(z) = \? [1 Eaﬁ] + [1 5;2]



e First Difference Variance:

Var(Az) = Var(zit — zit—1)
= Var(z;) + Var(zi—1) — 2Cov(zit, zit—1)
= 2Var(z) — 2pVar(z)
—2(1 - p)var(2)
Var(Aa) = 2(1 — §)Var(«)
Var(Az) = A2Var(Aa) + Var(Az) = 2 [/\2(1 — é)Var(a) + (1 — p)Var(2)]

e Second Difference Variance:

Var(AQz) = Var(zit — 22it—1 + zit—2)
= Var(z) + 4Var(z) + Var(z) — 4Cov(zi, zit—1) + 2Cov(zit, zit—2) — 4Cov(2it—1, 2it—2)
= 6Var(z) — 4pVar(z) + 2p*Var(z) — 4pVar(z)
= (6 — 8p + 2p*)Var(2)
=2(1-p)(3 — p)Var(z)
Var(A%a) = 2(1 — 6)(3 — §)Var(a)
Var(A%z) = A?Var(A%a) 4 Var(A?%z) = 2 [)\2(1 —0)(3 — 6)Var(a) + (1 — p)(3 — p)Var(z)]

since Cov(zi, zir—k) = p*Var(z) and similarly for a.
e Within Variance:

Var(Z) =~ g(p, T)Var(z)
Var(a) =~ g(9, T)Var(«)
Var(#) = A\*Var(a) + Var(%) =~ A\?g(6, T)Var(«) + g(p, T)Var(z)

— 1 _ L [Lp _ 20(0=p7)

where g(p,T) = T |Top — T(=p? and similarly for «.

Substitution yields

AdVar(«)
A2Var(«) + Var(z)
— (1 —6)2Var(a)
2[X\2(1 —d)var(a) + (1 — p)Var(z)]
A (0% —46% + 76 — 4) Var(w)
2[A2(1—-6)(3 = d)Var(a) + (1 — p)(3 — p)Var(z)]
AdVar ()
A2g(d, T)Var(a) + g(p, T)Var(z)

POLS : plim Bols =pB+

FD: plim de =B+

TFD:  plimfyq =B+

FE : plimgfe ~fp+




A.6 Comparison of biases

Now, the absolute bias of each estimator is given by:

AdVar(«)

|BiaS(B\als) | =

|Bias(Byq)| =

A2Var(«) + Var(z)

~\(1 - §)%Var(a)

2[M\2(1 —d)Var(a) + (1 — p)Var(z)]
A (03 — 462 + 76 — 4) Var(a)

|Bias(/§tfd)‘ =

2[A2(1-6)(3 —d)var(a) +

AdVar ()

|Bias(Bre)| =

Let Q == A;’;;gi) Then

\Bias(Bols)] =

|Bias(Bfa)| =

|Bias(§tfd)] =

|Bias(Be)| =

A2g(0, T)Var(a) + g(p, T)Var(z)

5

)\(1+Q)‘
—(1-9)

22 [1+ 1240

63 —46% + 175 — 4

(1= p)(3— p)Var(2)

22(1 - 0)(3 - ) 1+ =584

(1
‘

where Bias(gfe) assumes large T. Assuming A\, p,d > 0 and strictly positive variances, the biases are
positive for POLS and FE but negative for FF.D and TFD. In general, it is not possible to rank the
magnitudes. When relaxing the assumption of large T, there is a small difference between POLS and F'E

that is identical to Section A .4.

e Case 1: p> 0> 0: |Bias(Bg)| > |Bias(Bois)|.

e Case 20 >p>0: \Bias(gfeﬂ < ]Bias(BolS)L



B Monte Carlo Study

We simulate data from four experimental designs nested in the following setup:

Yit = Bri+ o+ e
Tip = Ao+ Zit

Qi = 00y—1 + Eait
Zit = PZit—1 T Ezit

eix ~ WN(0,02)
Eait ~ WN(0,02)
exit ~ WN(0,02)

Cov (2it,€is) = Cov (2it,€asis) = 0 Vi, s

Cov (Ea,ita 51'5) = Cov <€a,it7 Ez,z's) = Cov (Eitv 5z7is) = 0 Vt,s

Across all experiments, we set 3 = 1, A = 1, p = 0.5, and 02 = U?Z = 1, and conduct 200 simulations.

We vary N € {100,500}, T, T € {5,10,20,30}, § € {0,0.25,0.50,0.75,1}, and o2 € {0.25,0.50,0.75, 1}.

Given the fixed p, varying § controls the relative persistence of z and a. Varying § and Uga affect the degree

2

< alone affects the

of time variation in «. Finally, « follows a random walk when § = 1. In this case, o
degree of time variation in . We report the mean bias, mean absolute bias, and the root mean squared
error (RMSE). We display the results graphically.

We also simulate two additional experimental designs that are identical to the previous designs except
now

Tit = A1 + Zit

with § = p=0.1 and § = p = 0.9. We fix 62 = 0.25.
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FIGURE B.1: Simulation Results: Bias (¢2 = 0.25)

Notes: Column headings denote the value of ¢ € {0,0.25,0.50,0.75,1}. T' = number of time periods
per panel. See text for further details.
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FIGURE B.2: Simulation Results: Absolute Bias (62 = 0.25)

Ea
Notes: Column headings denote the value of € {0,0.25,0.50,0.75,1}. T' = number of time periods
per panel. See text for further details.
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FIGURE B.3: Simulation Results: Root Mean Squared Error (62 = 0.25)

Ea
Notes: Column headings denote the value of ¢ € {0,0.25,0.50,0.75,1}. T' = number of time periods
per panel. See text for further details.
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FIGURE B.4: Simulation Results: Model Averaging Estimators (02 = 0.25)

Notes: RMSE =

Root Mean Squared Error.

£

Column headings denote the value of § €

{0,0.25,0.50,0.75,1}. T" = number of time periods per panel. See text for further details.
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FIGURE B.5: Simulation Results: Bias (62, = 0.50)

Notes: Column headings denote the value of ¢ € {0,0.25,0.50,0.75,1}. T' = number of time periods
per panel. See text for further details.
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FIGURE B.6: Simulation Results: Absolute Bias (62 = 0.50)
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per panel. See text for further details.
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per panel. See text for further details.
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FIGURE B.8: Simulation Results: Model Averaging Estimators (02 = 0.50)

£

Notes: RMSE = Root Mean Squared Error. Column headings denote the value of & €
{0,0.25,0.50,0.75,1}. T" = number of time periods per panel. See text for further details.
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per panel. See text for further details.
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FIGURE B.10: Simulation Results: Absolute Bias (02 = 0.75)
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Notes: Column headings denote the value of ¢ € {0,0.25,0.50,0.75,1}. T' = number of time periods
per panel. See text for further details.
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Notes: Column headings denote the value of ¢ € {0,0.25,0.50,0.75,1}. T' = number of time periods
per panel. See text for further details.
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RMSE = Root Mean Squared Error.

Ea

Column headings denote the value of § €

{0,0.25,0.50,0.75,1}. T" = number of time periods per panel. See text for further details.
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FIGURE B.13: Simulation Results: Bias (02 =1)
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Notes: Column headings denote the value of ¢ € {0,0.25,0.50,0.75,1}. T' = number of time periods

per panel. See text for further details.
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Notes: T' = number of time periods per panel. See text for further details.
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C Additional Replication Results

C.1 Imai and Kim (2019)
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C.2 Leipziger (2024)
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Note: Results are omitted in years in which the confidence intervals are extremely wide and distort
the scaling of the figure.
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C.3 James (2015)
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C.4 Djankov and Reynal-Querol (2010)
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